A microscopic theory for the coupling of intrinsic Josephson oscillations and dispersive phonon branches in layered superconductors is developed. Thereby the effect of phonons on the electronic c-axis transport enters through an effective longitudinal dielectric function. This coupling provides an explanation of recently observed subgap resonances in the I dc -V dc -curve of anisotropic cuprate superconductors forming a stack of short Josephson junctions. Due to the finite dispersion these resonances can appear at van-Hove-singularities of both optical and acoustical phonon branches, explaining low-voltage structures in the I-V-characteristic, which are not understood in phonon models without dispersion. In long junctions the dispersion of collective electron-phonon modes parallel to the layers is investigated.
INTRODUCTION
The main features of the electronic caxis transport in the high-T c -superconductors Tl 2 Ba 2 Ca 2 Cu 3 O 10+δ and Bi 2 Sr 2 CaCu 2 O 8+δ below the critical temperature T c can be well understood in the model of a stack of superconducting CuO 2 -layers, which form a onedimensional stack of intrinsic Josephson junctions [1] .
One of the few phenomena, which are specific to the intrinsic Josephsoneffect and cannot be seen in arrays of conventional superconductors, is the interaction of the Josephson oscillations and phonons. This has been observed experimentally in the form of resonances in the I dc -V dc -characteristics at low voltages [2] [3] [4] . Their main features could already be understood theoretically in the framework of a simple lattice dynamical model of damped local oscillators in the barrier [5] .
Despite the clear evidence of the effect a general multi-band theory, in which parameters like the phonon frequencies or the oscillator strength in the dielectric function are specified microscopically, is still missing and shall be presented in the following. This more general formalism is in principle appropriate to include the eigenvalues and eigenvectors of the dynamical matrix as obtained in any microscopic lattice dynamical calculation into the Josephson theory. Qualitative effects of the phonon dispersion are discussed in a simple rigid ion model, e.g. the van-Hove singularity at the upper edge of the acoustical band, which can be detected in the I dc -V dc -curve. Details of the derivation and further results can be found elsewhere [6] .
THEORY OF PHONON COUPLING
The Josephson effect between the layers n and n + 1 is described by a RSJ-like equation
where j is the bias current (density), j c sin γ n (t) the supercurrent, j qp (E n ) the quasiparticle current and γ n (t) the gauge-invariant phase difference, which is related to the average electric field E n (t) in c-direction in the barrier:hγ n (t) = 2edE n (t) (d: thickness of the barrier). In contrast to this, the displacement current density ǫ 0Ė ρ n (t) does not depend on E n , but the field E ρ n (t) setup by the conduction-electron charge-fluctuations δρ n on the layers, which obey the Poisson equation δρ n (t) = ǫ 0 (E ρ (t) − E ρ n−1 (t) and the continuity equation j n (t) − j n−1 (t) = −δρ n (t). All quantities are constant along the layers (q = 0) as in short junctions.
The crucial point is to determine the (linear) relation between the field
created by the charge fluctuations alone and the total electric field E(q z , ω) due to both electrons and ions. This can be described by the (longitudinal) phonon dielectric function
where the suszeptibility (λ: phonon branch)
and the oscillator strength
depend on the eigenvalues ω(q z , λ) and eigenvectors e(κ|q z λ) of the dynamical matrix D αβ ( q κκ ′ ), which contains all the short and long range interaction between the ionic cores in the insulating state. The eigenvalues ω(q z , λ) therefore represent the bare phononfrequencies in the absence of the charge fluctuations δρ n . The appearence of special q z -dependent effective chargesZ κ (q z ) in equ. 4 reflects the different contribution of ions on and between the superconducting layers and is one of the distinctions to the conventional dielectric function. The function ǫ L ph (q z , ω) has zeros at the longitudinal eigenfrequencies ω(q z , λ) of modes with polarization in c-direction.
A similar consideration [7] shows the general form
of the phononic dielectric constant, which reduces in special cases to the longitudinal ǫ
With the knowledge of the phononic dielectric function ǫ ph the I dc -V dc -curve can be calculated with the ansatz by linearizing in the small oscillating parts δγ n (t) ≪ 1. The final result for the first branch
exhibits a phonon resonance exactly at the zeros of the modified dielectric functioñ
i.e. in the unrenormalized phonon bands ω( q, λ). More specifically peaks develop at the van-Hove Singularities of the phonon density of states due to the averaging over q z in equ. 8. As a reliable microscopic lattice dynamical theory for the dynamical matrix is not yet available and as the intrinsic Josepshon effect has to be treated in a phenomenological (one-band) picture until the details of the pairing mechanism are understood, the above results will be illustrated qualitatively in a simple model of a two-atomic chain of masses M κ and charges
If the mass on the layer (M l ) is larger than the one in the barrier (M b ), the acoustical van-Hove singularity is suppressed, but the optical band shows a double peak at the band edges (cf. fig.  1 ), the distance being the bandwidth. The (more realistic) case of M l < M b exhibits single peaks at the upper edges of both acoustical and optical bands and is compared with experiment in fig. 3 .
If several junctions are in the resistive state, their dynamics is coherent due to the coupling with phonons, even if no other (e.g. inductive) interaction is present. This is important for the application of short junctions as effective highfrequency devices. Analytical expressions similar to equ. 7 for the second branch can in principle distinguish different phase locked solutions in the I dc -V dc -characteristic [6] .
COLLECTIVE MODES
The zeros of the real part of the total dielectric function
define the frequencies ω el−ph ( q, ω) of the collective modes of the coupled conduction electrons and phonons, where the Josephson plasma frequency is given by (λ ab : coherence length):
).
These modes are different from the bare phonon bands ω( q, λ) and can in principle be observed in neutron scattering. In fig. 2 the plasma band ω pl ( q) for q x ≪ q z mixes with the longitudinal acoustical (LA) and optical (LO) phonon modes ω( q, λ), which are almost dispersionless on this scale. Note especially that a frequency gap of width 2ω pl Ω appears in the spectrum, which is formally (not physically) similar to the polariton dispersion of coupled phonons and photons [7] .
EXPERIMENTAL RESULTS
Recently the explanation of the subgap resonances in Refs. [2] [3] [4] [5] with the phonon coupling mechanism presented here could be well confirmed by Raman measurements on the same samples [3, 8] and infrared reflectivity experiments with grazing incidence [9, 10] (see table 1 ). Note that in our theory also Raman-active or silent modes may couple to intrinsic Josephson oscillations for q z = 0 and that in contrast to optical experiments (at the Γ-point) the whole Brioullin zone contributes in an average way (cf. equ. 8). This provides a reason for slight discrepancies of these experimental data in table 1 For more experimental and theoretical references see [6, 9] .
The qualitative features of the subgap resonances can already be understood in the local oscillator model of [5] : The position of the resonance is completely independent on temperature, magnetic field or the geometry of the probe, while the intensity of the structure varies ∼ j 2 c with the critical current density j c (T, B) . Also the behaviour in external pressure is consistent with the phonon interpretation [8] .
Beyond this, in the more general model developed above resonances at van-Hove singularities, e.g. at the upper band edge of the acoustical phonon band, can be described. This might be an explanation for a peak seen in [4] at 3.2 mV (=1.54 THz) in the I dc -V dc -characteristic of Tl 2 Ba 2 Ca 2 Cu 3 O 10 , as the same frequency is predicted in lattice dynamical calculations [11] for the upper edge of the acoustical band and because there are no optical phonon bands at that low fre- [5] , which is consistent with the theoretical width ∼ 0.3 THz of this phonon band [11] .
CONCLUSIONS
In this contribution the microscopic theory for the coupling between Josephson oscillations and longitudinal phonons in intrinsic Josephson systems like the highly anisotropic cuprate superconductors has been developed. The analytical result equ. (7) for the I dc -V dc -curve for one resistive junction and the detailed form of the longitudinal dielectric function equ. (2) describing the coupling has been obtained. In paritcular, not only optical but also acoustical phonons at the edge of the Brillouin zone couple to Josephson oscillations explaining a structure observed in [4] in the I dc -V dc -curve occurring at low voltage. The discussion of the dispersion of collective phonon-electron modes is an important first step to understand the effect of phonons in long junctions [7] .
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